Bounded Operators to $\ell$-K\"othe Spaces by Uyanık, Elif & Yurdakul, Murat H.
ar
X
iv
:1
70
4.
04
39
5v
1 
 [m
ath
.FA
]  
14
 A
pr
 20
17
BOUNDED OPERATORS TO ℓ-KO¨THE SPACES
ELIF UYANIK AND MURAT H. YURDAKUL
Abstract. For Fre´chet spaces E and F we write (E,F ) ∈ B if
every continuous linear operator from E to F is bounded. Let ℓ
be a Banach sequence space with a monotone norm in which the
canonical system (en) is an unconditional basis. We obtain a nec-
essary and sufficient condition for (E,F ) ∈ B when F = λℓ(B).
We say that a triple (E,F,G) has the bounded factorization prop-
erty and write (E,F,G) ∈ BF if each continuous linear operator
T : E −→ G that factors over F is bounded. We extend some
results in [3] to ℓ-Ko¨the spaces and obtain a sufficient condition
for (E, λℓ1(A)⊗ˆπλ
ℓ2(B), λℓ3 (C)) ∈ BF when λℓ1(A) and λℓ2(B)
are nuclear.
Dedicated to the memory of Prof. Dr. Tosun Terziog˜lu
1. Introduction
For an infinite matrix A = (akn) with 0 ≤ a
k
n ≤ a
k+1
n and sup
k
akn > 0
for every n and k we denote by λ(A) the corresponding l1-Ko¨the space,
that is,
λ(A) =
{
x = (xn) : ‖x‖k =
∑
n
|xn| a
k
n <∞, ∀k ∈ N
}
Equipped with the system of seminorms {‖.‖k , k ∈ N}, λ(A) is a Fre´chet
space.
Following [2], we denote by ℓ a Banach sequence space in which the
canonical system (en) is an unconditional basis. The norm ‖.‖ is called
monotone if ‖x‖ ≤ ‖y‖ whenever |xn| ≤ |yn|, x = (xn), y = (yn) ∈ ℓ,
n ∈ N. Let Λ be the class of such spaces with monotone norm. In
particular, lp ∈ Λ and c0 ∈ Λ. It is known that every Banach space
with an unconditional basis has a monotone norm which is equivalent
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to its original norm. Indeed, it is enough to put
‖x‖ = sup
|βn|≤1
∣∣∣∣∣
∑
n
en
′(x)βnen
∣∣∣∣∣
where |.| denotes the original norm, (en
′) denote the sequence of coef-
ficient functionals.
Let ℓ ∈ Λ and ‖.‖ be a monotone norm in ℓ. If A = (akn) is a
Ko¨the matrix, the ℓ-Ko¨the space λℓ(A) is the space of all sequences of
scalars (xn) such that (xna
k
n) ∈ ℓ with the topology generated by the
seminorms
‖(xn)‖k =
∥∥(xnakn)∥∥
Let us remind that ‖(en)‖k = a
k
n. We denote by L(E, F ) the space of
all continuous linear operators between Fre´chet spaces E and F. For
T ∈ L(E, F ) we consider the following operator seminorms
|T |p,q = sup
{
|Tx|p : |x|q ≤ 1
}
, p, q ∈ N
which may take the value +∞. In particular, for any one dimensional
operator T = u⊗ x which sends each z ∈ E to u(z)x ∈ F , we have
|T |p,q = |u|
∗
q |x|p
where ‖u‖∗q = sup
{
|u(x)| : ‖x‖q ≤ 1
}
.
We recall that T : E −→ F is continuous if there is a map N : N −→
N such that
‖T‖k,N(k) <∞, ∀k ∈ N;
T is bounded if ∃N ∈ N such that
‖T‖r,N <∞, ∀r ∈ N.
We write (E, F ) ∈ B if every continuous linear operator from E to
F is bounded. For Fre´chet spaces E and F , in [4], Vogt proved that
(E, F ) ∈ B if and only if for every sequence N(k), ∃N ∈ N such that
∀r ∈ N we have k0 ∈ N and C > 0 with
‖T‖r,N ≤ C max1≤k≤k0
‖T‖k,N(k)(1.1)
for all T ∈ L(E, F ).
We say that a triple (E, F,G) has the bounded factorization prop-
erty and write (E, F,G) ∈ BF if each continuous linear operator
T : E −→ G that factors over F is bounded. In [3], the property
BF is characterized not only for triples of Ko¨the spaces but also for
the general case of Fre´chet spaces. Our aim here to extend some results
in [3] to ℓ-Ko¨the space case.
32. BOUNDED OPERATORS TO ℓ-KOTHE SPACES
If we follow the steps of Crone and Robinson Theorem [1], we obtain
the following.
Lemma 2.1. T ∈ L(λ(A), λℓ(B)) iff ∀m, ∃k such that
sup
n
‖Ten‖m
‖en‖k
< +∞
Proof. T ∈ L(λ(A), λℓ(B)) iff ∀m, ∃k such that
sup
x 6=0,x∈λ(A)
‖Tx‖m
‖x‖k
< +∞
For x = en, we obtain the result.
Conversely, suppose that ∀m, ∃k such that
sup
n
‖Ten‖m
‖en‖k
< +∞
Let x ∈ λ(A).
‖Tx‖m =
∥∥∥∥∥
∑
n
xnTen
∥∥∥∥∥
m
≤
∑
n
|xn|
‖Ten‖m
‖en‖k
‖en‖k
≤ sup
n
‖Ten‖m
‖en‖k
∑
n
|xn| a
k
n ≤ sup
n
‖Ten‖m
‖en‖k
‖x‖k
So, T ∈ L(λ(A), λℓ(B)). 
Notice that when domain is ℓ-Ko¨the space, we can not use this ar-
gument.
Our first result is the following.
Theorem 2.2. The following are equivalent:
i) (λ(A), λℓ(B)) ∈ B
ii) for every sequence N(k), there is N ∈ N such that for each r ∈ N
we have k0 ∈ N and C > 0 with
brv
aNi
≤ C max
1≤k≤k0
bkv
a
N(k)
i
for all v ∈ N,i ∈ N.
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Proof. Suppose that (λ(A), λℓ(B)) ∈ B. Consider S : λ(A) −→ λℓ(B)
with S = ei
′ ⊗ ev where ei
′(x) = xi for all x ∈ λ(A). Since S is the
operator of rank one, we note that
‖S‖k,N(k) = ‖e
′
i‖N(k)‖ev‖k =
bkv
a
N(k)
i
Similarly, ‖A‖r,N =
brv
aNi
. So, the result follows from (1.1).
For the converse, let Tei =
∞∑
v=1
uviev. Since T is continuous, by
Lemma 2.1, there is N(k) such that
‖T‖k,N(k) = sup
i∈N
‖Tei‖k
‖ei‖N(k)
= sup
i∈N
sup
|βv|≤1
∣∣∣∣∣
∞∑
v=1
uviβv
bkv
a
N(k)
i
ev
∣∣∣∣∣ <∞
So we find N ∈ N such that
‖T‖r,N ≤ sup
i∈N
{
sup
|βv|≤1
∣∣∣∣∣
∞∑
v=1
uviβv
brv
aNi
ev
∣∣∣∣∣
}
≤ sup
i∈N
{
sup
|βv|≤1
∣∣∣∣∣
∞∑
v=1
uviβv
(
C max
1≤k≤k0
bkv
a
N(k)
i
)
ev
∣∣∣∣∣
}
≤ C
k0∑
k=1
sup
i∈N
{
sup
|βv|≤1
∣∣∣∣∣
∞∑
v=1
uviβv
bkv
a
N(k)
i
ev
∣∣∣∣∣
}
<∞
Therefore, T is bounded. 
Now, consider the ℓ-Ko¨the space λℓ(A) and any Fre´chet space E.
Then, we obtain the following.
Theorem 2.3. The following are equivalent:
i) (E, λℓ(A)) ∈ B
ii) for every sequence N(k), there is N ∈ N such that for each r ∈ N
we have k0 ∈ N and C > 0 with
arv‖u‖
∗
N ≤ C max1≤k≤k0
akv ‖u‖
∗
N(k)
for all v ∈ N, u ∈ E ′.
Proof. Suppose that (E, λℓ(A)) ∈ B. Similar to the proof of Theorem
2.2, consider the operator of rank one A = y ⊗ ev where y ∈ E
′. The
result follows from (1.1).
5For the converse, let T : E −→ λℓ(A) be continuous linear operator.
Let
Tx =
∞∑
v=1
ev
′(Tx)ev = (ev
′T (x)) = (uv(x)), x ∈ E
where uv = ev
′ ◦ T.
Then, by continuity we find N(k) such that
sup
‖x‖N(k)≤1
(
sup
|βv|≤1
∣∣∣∣∣
∑
v
βvuv(x)a
k
vev
∣∣∣∣∣
)
=M(k)
Let |uv(x)| = θvuv(x) where θv = ±1 and βvθv = αv, note that
‖Tx‖r = sup
|βv|≤1
∣∣∣∣∣
∑
v
βvuv(x)a
r
vev
∣∣∣∣∣
≤ sup
|βv|≤1
∣∣∣∣∣
∑
v
βv
(
|uv(x)|
‖x‖N
)
arvev
∣∣∣∣∣ ‖x‖N
≤ sup
|βv|≤1
∣∣∣∣∣
∑
v
βv‖uv‖
∗
Na
r
vev
∣∣∣∣∣ ‖x‖N
≤ sup
|βv|≤1
∣∣∣∣∣
∑
v
βv
(
C max
1≤k≤k0
akv ‖uv‖
∗
N(k)
)
ev
∣∣∣∣∣ ‖x‖N
≤ C
k0∑
k=1
sup
|βv|≤1
∣∣∣∣∣
∑
v
βva
k
v
(
sup
‖x‖N(k)≤1
|uv(x)|
)
ev
∣∣∣∣∣ ‖x‖N
≤ C
k0∑
k=1
sup
‖x‖N(k)≤1
(
sup
|βv|≤1
∣∣∣∣∣
∑
v
βva
k
vθvuv(x)ev
∣∣∣∣∣
)
‖x‖N
≤ C
k0∑
k=1
sup
‖x‖N(k)≤1
(
sup
|αv |≤1
∣∣∣∣∣
∑
v
αva
k
vuv(x)ev
∣∣∣∣∣
)
‖x‖N
≤
(
C
k0∑
k=1
M(k)
)
‖x‖N
Hence T is bounded. 
3. BOUNDED FACTORIZATION PROPERTY FOR
ℓ-KOTHE SPACES
We need the following theorem [3, Theorem 2.2].
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Theorem 3.1. For Fre´chet spaces E, F and G we have (E, F,G) ∈ BF
if and only if for every sequence N(k) there is N ∈ N such that for each
r ∈ N we have k0 = k0(r) ∈ N and C = C(r) > 0 so that the following
inequality
‖T‖r,N ≤ C max
1≤k≤k0
{
‖R‖k,N(k)
}
max
1≤k≤k0
{
‖S‖k,N(k)
}
is satisfied for every R ∈ L(F,G), S ∈ L(E, F ) where T = RS.
The next result is obtained by following the lines of [3, Corollary
3.1].
Theorem 3.2. Let E be a Fre´chet space, λℓ(B), λℓ˜(C) be ℓ-Ko¨the
spaces and λℓ(B) be nuclear. Then (E, λℓ(B), λℓ˜(C)) ∈ BF if and only
if for every sequence N(k) there is N ∈ N such that for each r ∈ N we
have k0 ∈ N and C > 0 with
(3.1) crj ‖u‖
∗
N ≤ C max
1≤k≤k0
{
‖u‖∗N(k) b
k
i
}
max
1≤k≤k0
{
ckj
b
N(k)
i
}
for all i ∈ N, j ∈ N and u ∈ E ′.
Proof. Let S = u⊗ei and R = ei
′⊗ej where u ∈ E
′. Then RS : E −→
G is the operator of rank one which sends each x ∈ E to u(x)ej. If we
apply Theorem 3.1 we obtain the result.
For sufficiency, we take S ∈ L(E, λℓ(B)), R ∈ L(λℓ(B), λℓ˜(C)) and
T = RS. Since λℓ(B) is nuclear, ∃S(k) such that S(k) > N(k) and
∑
i
b
N(k)
i
b
S(k)
i
= θ(k) <∞, k ∈ N.
We can write Sx =
∑
i
ui(x)ei where ui = ei
′ ◦ S ∈ E ′ and Rei =∑
j
rjiej. Therefore
Tx =
∑
i
∑
j
ui(x)rjiej
For this S(k) we choose N ∈ N such that for each r ∈ N we obtain
k ∈ N and C > 0 with
(3.2) crj ‖ui‖
∗
N ≤ C max1≤k≤k0
{
‖ui‖
∗
S(k) b
k
i
}
max
1≤k≤k0
{
ckj
b
S(k)
i
}
for all i ∈ N, j ∈ N, ui ∈ E
′.
7Since all types nuclear Ko¨the spaces determined by one and the same
matrix B coincide [2, Corollary 2, p.22], λ(B) = λℓ(B) and we have
‖S‖k,N(k) = sup
‖x‖N(k)≤1
‖Sx‖k = sup
‖x‖N(k)≤1
∑
i
|ui(x)| b
k
i =
∑
i
‖ui‖
∗
N(k) b
k
i
‖R‖k,N(k) = sup
i
‖Rei‖k
‖ei‖N(k)
= sup
i
sup
|βj |≤1
∣∣∣∣∣
∑
j
rjiβjc
k
j ej
b
N(k)
i
∣∣∣∣∣
Therefore, we have∑
i
‖ui‖
∗
S(k) b
k
i ≤
∑
i
‖ui‖
∗
N(k) b
k
i = ‖S‖k,N(k)
and ∑
j
|rji| c
k
j
b
S(k)
i
≤ θ(k) sup
j
|rji| c
k
j
b
N(k)
i
≤ θ(k) ‖R‖k,N(k)
(see [2, proof of Corollary 2, p.22]) Hence, by (3.2) we obtain that
‖Tx‖r ≤
∑
i
∑
j
|ui(x)|
‖x‖N
|rji| c
r
j ‖x‖N
≤
∑
i
∑
j
‖ui‖
∗
N |rji| c
r
j ‖x‖N
≤
∑
i
∑
j
|rji|
{
C max
1≤k≤k0
{
‖ui‖
∗
S(k) b
k
i
}
max
1≤k≤k0
{
ckj
b
S(k)
i
}}
‖x‖N
≤ C
k0∑
k=1
∑
i
‖ui‖
∗
S(k) b
k
i
∑
j
|rji| c
k
j
b
S(k)
i
‖x‖N
≤ C
k0∑
k=1
∑
i
‖ui‖
∗
S(k) b
k
i θ(k) ‖R‖k,N(k) ‖x‖N
≤
(
C
k0∑
k=1
θ(k) ‖S‖k,N(k) ‖R‖k,N(k)
)
‖x‖N
Therefore, T is bounded. 
Recall that projective tensor product of two l1-Ko¨the spaces λ(A)
and λ(B) is isomorphic to λ(D) where dkvz = a
k
vb
k
z .
Theorem 3.2 enables us to get:
Theorem 3.3. Suppose (E, λℓ1(A)) ∈ B and (λℓ2(B), λℓ3(C)) ∈ B
where E is a Fre´chet space, λℓ3(C) is an ℓ-Ko¨the space, λℓ1(A) and
λℓ2(B) are nuclear ℓ-Ko¨the spaces. Then (E, λℓ1(A)⊗ˆπλ
ℓ2(B), λℓ3(C)) ∈
BF .
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Proof. GivenN(k) which is assumed to be non-decreasing. Since λℓ2(B)
is nuclear and (λℓ2(B), λℓ3(C)) ∈ B, we obtain that λℓ2(B) = λ(B) and
by Theorem 2.2, ∃n ∈ N such that ∀r ∈ N we have k0 = k0(r) ∈ N and
C1 = C1(r) > 0 with
crj
bni
≤ C1 max
1≤k≤k0
ckj
b
N(k)
i
for all i ∈ N, j ∈ N.
We then determine S(k) such that S(k) = N(n) if 1 ≤ k ≤ n and
S(k) > N(k) if n+1 ≤ k ≤ s0. Since (E, λ
ℓ1(A)) ∈ B by Theorem 2.3,
for this S(k), we find m ∈ N such that ∀q ∈ N we have s0 = s0(q) and
C2 = C2(q)
aqv ‖u‖
∗
m ≤ C2 max
1≤k≤s0
akv ‖u‖
∗
S(k)
≤ C2 max
n≤k≤s0
akv ‖u‖
∗
N(k)
Therefore, for this N(k) we have s˜0 = s0(N(k)) and C˜2 = C2(N(k))
with
crj ‖u‖
∗
m =
crj
bni
bni ‖u‖
∗
m
≤
{
C1 max
1≤k≤k0
ckj
b
N(k)
i
}
bni ‖u‖
∗
m
≤
{
C1 max
1≤k≤k0
ckj
a
N(k)
v b
N(k)
i
}
aN(k)v b
n
i ‖u‖
∗
m
≤
{
C1 max
1≤k≤k0
ckj
a
N(k)
v b
N(k)
i
}{
C˜2 max
n≤k≤s˜0
akv ‖u‖
∗
N(k) b
n
i
}
≤
{
C1 max
1≤k≤k0
ckj
a
N(k)
v b
N(k)
i
}{
C˜2 max
1≤k≤s˜0
akvb
k
i ‖u‖
∗
N(k)
}
Let s = max {k0, s˜0} and C = C(r) = C1C˜2. We have proved that
∃m ∈ N such that ∀r ∈ N we have s ∈ N and C > 0 with
crj ‖u‖
∗
m ≤ C max1≤k≤s
{
ckj
a
N(k)
v b
N(k)
i
}
max
1≤k≤s
{
‖u‖∗N(k) a
k
vb
k
i
}
for all j ∈ N, v ∈ N, i ∈ N and u ∈ E ′.
If λ(A)ℓ1 and λℓ2(B) are nuclear ℓ-Ko¨the spaces, then
λℓ1(A)⊗ˆπλ
ℓ2(B) ∼= λ(A)⊗ˆπλ(B) ∼= λ(D)
9is nuclear where dkvi = a
k
vb
k
i [2, Corollary 2, p.22].
By Theorem 3.2 we obtain that (E, λℓ1(A)⊗ˆπλ
ℓ2(B), λℓ3(C)) ∈ BF .

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